Abstract. We study a Sturm-Liouville expression with indefinite weight of the form sgn(−d 2 /dx 2 + V ) on R and the non-real eigenvalues of an associated selfadjoint operator in a Krein space. For real-valued potentials V with a certain behaviour at ±∞ we prove that there are no real eigenvalues and that the number of non-real eigenvalues (counting multiplicities) coincides with the number of negative eigenvalues of the selfadjoint operator associated to
Introduction
We consider a singular Sturm-Liouville differential expression of the form
with the signum function as indefinite weight and a real-valued locally summable function V . Under the assumption that −d 2 /dx 2 + V is in the limit point case at +∞ and −∞ the maximal operator A associated to (1.1) is selfadjoint in the Krein space (L 2 (R), [ . , . ] ), where the indefinite inner product [·, ·] is defined by
The spectral properties of indefinite Sturm-Liouville operators differ essentially from the spectral properties of selfadjoint Sturm-Liouville operators in the Hilbert space L 2 (R); e.g. the real spectrum of A necessarily accumulates to +∞ and −∞ and A may have non-real eigenvalues which possibly accumulate to the real axis (see [3, 4, 9, 14, 16, 20] ). For further indefinite Sturm-Liouville problems, applications and references, see, e.g., [2, 6, 7, 11, 13, 15, 23, 26] .
The main objective of this paper is to study the number of non-real eigenvalues of the operator A. For this it will be assumed that the negative spectrum of the selfadjoint definite Sturm-Liouville operator Bf = −f + V f consists of κ < ∞ eigenvalues. Then the hermitian form [A·, ·] has exactly κ negative squares, and it follows from the considerations in [9] and [21] 
Eigenvalues of indefinite Sturm-Liouville operators
In this section we consider the indefinite Sturm-Liouville differential expression on R given by (1.1), where V : R → R is a real function with V ∈ L 1 loc (R). We equip the Hilbert space (L 2 (R), (·, ·)) with the indefinite inner product [ . , . ] defined in (1.2) and denote the corresponding Krein space (
As a corresponding fundamental symmetry we choose J := sgn (·); hence we have
For the basic properties of indefinite inner product spaces and linear operators therein, we refer to [1] and [8] .
Suppose that the definite Sturm-Liouville differential expression
is in the limit point case at +∞ and −∞; that is, for each λ ∈ C\R there exist (up to scalar multiples) unique solutions of the differential equation −y + V y = λy which are square integrable in a neighbourhood of +∞ and −∞, respectively. A sufficient criterion for (2.1) to be in the limit point case at ±∞ is, e.g.
cf. [ 
associated to (2.1) is selfadjoint in the Hilbert space L 2 (R) and all eigenvalues are real and simple; i.e., dim ker(B − λ) = 1 for λ ∈ σ p (B). As a consequence we obtain the following statement for the operator A = JB. 
is selfadjoint in the Krein space L 2 sgn (R), and the eigenspaces ker(A−λ), λ ∈ σ p (A), have dimension one.
In the following it will be assumed that condition (I), stated below, holds.
(I) The set σ(B) ∩ (−∞, 0) consists of κ < ∞ eigenvalues.
Hence, the selfadjoint operator B in the Hilbert space L 2 (R) is semi-bounded from below and the eigenvalues do not accumulate to zero from the negative half-axis. A sufficient condition for (I) to hold is, e.g., R (1 + x 2 )|V (x)|dx < ∞ for continuous V ; cf. [22] .
We collect some properties of the non-real spectrum of the indefinite SturmLiouville operator A in the next proposition. Recall first that the spectrum of a selfadjoint operator in a Krein space is symmetric with respect to the real axis and denote by L λ (A) the algebraic eigenspace of A corresponding to an eigenvalue λ.
Proposition 2.2. The spectrum of the indefinite Sturm-Liouville operator A in the open upper half-plane C
+ consists of at most finitely many eigenvalues with
where κ is as in (I). In particular, for some l ≤ κ we have
is symmetric with respect to the imaginary axis.
Proof. Assumption (I) and the relation
imply that the hermitian form [A·, ·] has exactly κ negative squares; that is, there Under some additional assumptions on V we prove in Theorem 2.3 the absence of eigenvalues on the real axis and, hence, improve the estimate in (2.4). We mention that in [15, Section 4] a similar result is proved if V satisfies R (1+|x|)|V (x)|dx < ∞. By σ c (A) we denote the continuous part of the spectrum of A, i.e. the set of all λ ∈ σ(A) \ σ p (A) such that the range of A − λ is dense. 
Proof. Let λ be an eigenvalue of A and let y be a corresponding eigenfunction. Then y satisfies the equations
and (2.9)
Condition (2.6) implies 
is at most two and
A sufficient condition on V such that condition (I), (2.6) and 0 / ∈ σ p (B) hold is given in the next corollary; cf. [ 
Then σ c (A) = R and
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Remark 2.5. We mention that (even under the condition (2.10)) for λ ∈ σ p (A), dim L λ (A) > 1 may happen; i.e. there exists a Jordan chain of length greater than one, and the non-real spectrum does not consist of κ distinct eigenvalues. In Section 4 we give an example for an indefinite singular Sturm-Liouville operator with such a Jordan chain corresponding to a non-real eigenvalue.
A numerical example: Hyperbolic secant potentials
In this section we compute the non-real eigenvalues of singular indefinite SturmLiouville operators with potentials given by
with the help of the software package Mathematica (Wolfram Research). It is well known (see, e.g., [12] ) that the number of negative eigenvalues of the definite Sturm-Liouville operator Bf = −f + V κ f in (2.2) is exactly κ and condition (I) from Section 2 holds. Moreover, V κ satisfies (2.10), and hence by Theorem 2.3 and Corollary 2.4 the continuous spectrum of the indefinite SturmLiouville operator has a zero at λ. As the equations in (3.2) are explicitly solvable in terms of Legendre functions we can determine numerically the zeros of M within the working default precision of the software package Mathematica. Figures 1, 2 and 3 show the non-real eigenvalues of A for the cases κ = 5, κ = 30 and κ = 100. Here we find 5, 30 and 100, respectively, distinct eigenvalues in C + , and hence dim L λ (A) = 1 for each eigenvalue λ ∈ C\R; cf. Remark 2.5. Note also that by the symmetry of V κ there is at least one pair of eigenvalues on the imaginary axis if κ is odd.
A counterexample: Jordan chains of singular indefinite Sturm-Liouville operators
In this section we show that the geometric eigenspaces of a singular indefinite Sturm-Liouville operator in L 2 sgn (R) in general do not coincide with the algebraic eigenspaces. In other words, there exist eigenvalues with non-trivial Jordan chains, and hence the number of non-real distinct eigenvalues is in general smaller than the dimension of the algebraic eigenspace corresponding to the non-real spectrum; cf. Remark 2.5. An explicit example of a non-trivial Jordan chain of a regular indefinite Sturm-Liouville operator can be found in [10] .
We consider a family
of indefinite Sturm-Liouville operators in the Krein space L 2 sgn (R), where the potentials V η , η ≥ 0, are given by
sgn (R), and according to Theorem 2.3 and Corollary 2.4 there are no real eigenvalues and σ c (A η ) covers the whole real line. In the sequel we will show that the following statement holds. 
In order to determine the eigenvalues of the operators A η , we first consider the underlying differential equations (3.2) with V κ replaced by V η . The same reasoning as in Section 3 shows that the non-real eigenvalues of A η are given by the zeros of the function
where h η (·; λ) is the square integrable solution of −y +V η y = λy on R + . Denote by √ · the branch of the square root with cut along [0, ∞) and
where
and its multiples are square integrable solutions of the first equation in (3.2) with V κ replaced by V η . The function M η in (4.1) can be expressed in terms of α η and β η in the following form: We note that the values M η (iµ), µ ∈ R\{0}, are real since the solutions fulfill h η (x,λ) = h η (x, λ) for λ ∈ C\R. Let us summarize some observations in the following lemma. One can check numerically that the selfadjoint operator
R) has exactly two negative eigenvalues for η = 3.1, η = 3.2 and η = 3.3; cf. [12] . By Corollary 2.4 for these η the spectral subspace of A η correponding to the eigenvalues in the upper half-plane C + has dimension two.
The plots in the first row of Figure 4 show the function µ → M η (iµ), µ ∈ R + , for η = 3.1, η = 3.2 and η = 3.3, respectively. For η = 3.1 and η = 3.2 the two zeros are the eigenvalues of A 3.1 and A 3.2 in the upper half-plane C + which lie on the positive imaginary axis. These eigenvalues and their counterparts in C − are plotted in the second row of Figure 4 . For η = 3.3 the function µ → M η (iµ) has no zeros on the positive imaginary axis. Recall that a finite system of eigenvalues is continuous under perturbations small in norm; see [17, IV.3.5] . Hence the continuity and symmetry of the eigenvalues of A η imply that the eigenvalues of A 3.3 are located as in the right lower plot in Figure 4 . This can also be checked numerically by computing the non-real roots of M 3.3 ; see also Table 1 . Again by continuity properties of the point spectrum there exists an η 0 ∈ (3.2, 3.3) such that the spectrum of A η 0 in C + (and hence also in C − ) consists only of one eigenvalue λ 0 on the imaginary axis with corresponding algebraic eigenspace of dimension two. Recall that the dimension of the geometric eigenspaces of A η 0 is at most one since ∞ and −∞ are in the limit point case. Hence there exists a Jordan chain of length 
